Abstract. Our goal in the present paper is to give a new ergodic proof of a well-known Veech's result, build upon our previous works [4, 5] .
for g ∈ G, x ∈ G, (x, g) → x · g, G is amenable (as compact) and the Haar measure m G is the unique invariant measure for this action. Also, the assumption that z 1 , z 2 , . . . , z n , . . . generate a dense subgroup of G, implies that the action of this subgroup on G (by right translations) is uniquely ergodic for m G .
On the other hand, the assumption that z 1 , z 2 , . . . , z n , . . . generate a dense subgroup of G, is equivalent to the assumption that z 1 , z 2 , . . . , z n , . . . generate a dense semigroup in G (see [6, Theorem 9.16 
]).
Under these circumstances for G metrizable, in view of our result (in particular for x = e) the sequence y n := z r 1 · z r 1 . . . z rn , n ∈ N is uniformly distributed for G.
And a final remark: The general case, where the group G is not necessarily metrizable, can be treated by similar methods, since the topology of G is defined by a family of pseudometrics (see [3, Chapter IX, Section 11]).
The main results
Throughout this paper (p 1 , . . . , p n , . . .) is a probability sequence with nonzero entries (i.e. p n > 0 for each n and ∞ n=1 p n = 1). We consider now the set of natural numbers N = {1, 2, . . .} endowed with the discrete topology. Then, we take the one-point compactification of N and we get the compact space where y n = x n+1 , for every n ∈ Z.
Also, throughout this paper, G is an amenable, locally compact separable group acting (continuously) on a Borel probability measure, compact metric space (X, µ) and the action is uniquely ergodic for µ and non-sensitive on suppµ. It turns out (see Corollary 4.1), that such an action is necessarily equicontinuous.
Next, let Φ 1 , . . . , Φ n , . . . be a sequence in G, that generates a dense semigroup in G. (Note that the action of this semigroup in (X, µ) is also uniquely ergodic).
We set up the skew product
where r := (. . . , r −n , . . . , r −1 , r 0 , r 1 , . . . , r n , . . .), conventionally we set
Clearly Ψ is Borel measurable and µ × λ is invariant under Ψ .
Theorem 2.1. If τ is a Borel probability measure on X × Y , invariant for Ψ , such that the projection of τ on Y equals λ, then τ coincides with µ × λ.
From the above theorem, taking r = (. . . , r −n , . . . , r −1 , r 0 , r 1 , . . . , r n , . . .) ∈ N Z a generic point for T , it is easily seen, using some standard results (see [5, pp. 193-194] ), that (r 1 , . . . , r n , . . .) has the property mentioned in the abstract.
Invariant measures for continuous maps
The space M(X) of all Borel probability measures on X is metrizable in the weak
is a dense subset of C(X) (the space of continuous functions on X), then
is a metric on M(X) giving the weak * topology. Also, M(X) is compact in this topology.
For Φ : X → X continuous, hence Borel measurable, we have the continuous affine map
for B a Borel set.
We have
and m ∈ N we consider the measures
(where m G is the Haar measure on G), or more concretely
for every f ∈ C(X) and every m ∈ N.
Proof. Suppose that the conclusion of the theorem does not hold. Then, there exist an ε > 0, a subsequence F mn , n ∈ N of F m , m ∈ N and a sequence
For f ∈ C(X) we have
Hence, every w * -limit of the sequence µ νn mn , n ∈ N is invariant under the action of G, so equals µ contradicting (1).
Some results on amenable, non-sensitive actions
We recall the following We set for k ∈ N E k := {x ∈ X : there exists an open neighborhood U of x such that
Clearly, E k is open and since the action of G is non-sensitive on suppµ,
Note that a x ∈ X is an equicontinuity point for G, if for every ε > 0 there exists a δ > 0 such that υ(x, y) < δ implies υ(Φ(x), Φ(y)) < ε, for every
E k is the set of equicontinuity points for G.
Proof. For k ∈ N, the set
is compact and forward invariant under the elements of G.
In case that Q k = ∅, by an application of Day's fixed point theorem [2, Theorem 1], there exists a Borel probability measure τ supported on Q k and invariant under G, so τ = µ. But this contradicts the fact that E k ∩ suppµ = ∅, for every k. So, Q k = ∅ and the conclusion of the lemma follows immediately.
Corollary 4.1. The group G acts on X equicontinuously.
Proof. Since the maps Φ :
it is easily seen that
Let x ∈ X. Suppose, if possible, that x is not an equicontinuity point for the action of G in X. Then
So, there exists a k 0 ∈ N such that x / ∈ E k 0 . By the previous lemma, there
We set Seq := ∞ n=1 N n the set of finite sequences of positive integers, and
Under the above setting we have the following proposition, which is the new element that gives the possibility to use a combination of the methods of [4, 5] in the present situation (see [5, Proposition 3.1] ).
Proof. By Theorem 3.1, we can assume that there exist a Fölner sequence
we have
Let D ⊆ X be denumerable, with D = X. We enumerate D = {x i : i ∈ N} and set A := {δ x i : x i ∈ D, i ∈ N and δ x i is the Dirac measure on
Also, let {f n : n ∈ N}(⊆ C(X)) be dense in C(X) (clearly {f n : n ∈ N} defines the metric on M(X), see above).
Let m ∈ N. For n = 1, . . . , m, i = 1, . . . , m we set
It is easily seen, that the above g i n are continuous. Clearly, for m ∈ N and n = 1, . . . , m, i = 1, . . . , m we have
We set B := {Φ ℓ : ℓ ∈ Seq}. By assumption we have B = G.
By [9, Chapter II, Theorem 6.3], for m ∈ N there exists a convex combination
So, in view of (3) and the definition of the g i n 's, for m ∈ N, i = 1, . . . , m and n = 1, . . . , m
Setting
Combining (2) and (5), it follows that for m ∈ N and i = 1, . . . , m
Let ε > 0. There exists an m 0 ∈ N such that 1 2 m−1 < ε and ε m < ε for m > m 0 .
Let f 1 , . . . , f m 0 . For the given ε > 0 there exists δ > 0, such that for x, x ′ ∈ X with v(x, x ′ ) < δ
(where v denotes the metric on X).
Since B := {Φ ℓ : ℓ ∈ Seq} is equicontinuous, for the above δ > 0 there exists θ > 0 such that for y, y ′ ∈ X with v(y, y
Since D = X, there exists an m * > m 0 such that for every x ∈ X, there exists a x i * ∈ D, i * ∈ {1, . . . , m * } with v(x i * , x) < θ.
So, for every x ∈ X, m > m * and n = 1, 2, . . . , m 0 we have
and in view of (4), since i * ∈ {1, . . . , m * }, we have for every x ∈ X, m > m * and n = 1, 2, . . . , m 0
So, for every x ∈ X, m > m * we have
Finally, by (6) we have that for every x ∈ X and m > m *
(note that for m > m * > m 0 , ε m < ε and 1 2 m−1 < ε).
Indeed, the claim holds from Claim 1, since ρ m (σ) is a convex combination of measures of the form ρ m (δ x ), x ∈ X. 
Proof. Since the action of G on X is equicontinuous, the sequence Φ hm , m ∈ N is equicontinuous for every sequence h m , m ∈ N in Seq. Then f • Φ hm , m ∈ N is equicontinuous, so by Arzela-Ascoli theorem it has a uniformly convergent subsequence
Then for ε > 0 there exists an ℓ 1 ∈ N such that
On the other hand, by Proposition 4.1 there exists an ℓ 2 ∈ N such that
By (7) and (8) there exists an ℓ 0 ∈ N so that
Now it suffices to show that 
The proof of the corollary is similar to that of [5, Corollary 4 .3], so we omit it.
Some technical lemmata
In the sequel, we assume the curriculum of notations and definitions of We recall from [4] and [5] the following lemmata.
Lemma 5.1. Let B ⊆ N Z compact with λ(B) > 0 and β with 0 < β < 1.
Then there exists an
Proof. See [4, Lemma 5.1].
Lemma 5.2. Let F ⊆ Seq finite. Then there exists a β, 0 < β < 1, such that, if B ⊆ N Z measurable, with λ(B) > 0 and a ∈ N Z k for some k ∈ N satisfying λ(pr
then for sufficiently large n (n ≥ n 1 ), there exists a t n ∈ N n−2k−1 such that
for all z ∈ F , (where |z| denotes the length of z).
Proof. See [5, Lemma 6.1].
The following lemma is highly technical and its meaning will be clear in the proof of Theorem 6.2. (ii) setting e := distance K,
(where ν y denotes the conditional measure induced by ν on the fiber X × {y}). 
Proof. See [5, Corollary 5.1].
The proof of Theorem 2.1
The proof of Theorem 2.1 will be given in two major steps. First, we shall prove that if τ is absolutely continuous with respect to µ × λ then τ coincides with µ × λ. Second, we shall prove that τ has a trivial singular part with respect to µ × λ. These two steps are described in Theorems 6.1 and 6.2, respectively.
We have Theorem 6.1. The measure µ × λ is the unique Borel probability measure on X × Y , invariant under Ψ and absolutely continuous with respect to µ × λ.
Proof. This follows from the ergodicity of the skew product Ψ , see the random ergodic theorem in [10] .
Remark. Note that the use of the random ergodic theorem of Ryll-Nardzewski (see [10] ) gives immediately Theorem 6.1, so we can omit the lengthy proof of the "first step" that appears in [ 
for m = 1, 2, . . . .
Next, applying Lemma 5.2 repeatedly, taking in view of (9), we find for each quadruple
an n m ∈ N and a t nm ∈ N nm−2km−1 such that, setting t nm = t m for brevity in the notation,
for all z ∈ F m .
In the sequel we fix some y 0 ∈ B and set
We fix x k ∈ Q k , k = 1, 2, . . . , s and consider the probability measure
At the present situation, we can apply Corollary 4.2 for the sequences ρ m , m ∈ N (previously considered), 
0 )(= h m )) and find an m ℓ 0 such that, setting m ℓ 0 = m 0 for brevity in the notation
Since ρ m 0 is a convex combination, there exists a z * m 0 ∈ F m 0 such that 
We set ξ k := Φ (a Q k > 1 − θ, for every y ∈ W * and intergrating the above inequality over W * , we have
Finally, (16), (17) and the claim give
which obviously contradicts the fact that the projection of ν on Y coincides with λ.
Finally, combining Theorems 6.1 and 6.2, we can conclude the proof of Theorem 2.1. For more details, see [5, Section 8] .
